Jlexist 16 KBIKC
3acTocyBaHHs TeopeM au(epeHIiaIbHOI0 YNCTCHHS
JJISL JOCJIiIKeHHS] (PYHKIIH
OCHOBHI TOHSTTS.

Osnavennst. [Ipu x, > x; Ha intepBani (a;b) dyHkuis f(x)HasuBaeTbes:

spocmaiouoio, skwo f(x,)> f(x);

- cnaodatouomo, sxwo  f(x,)< f(x);

- Hecnaodarouoro, Ko f (xz) > f (Xl) ;

- nespocmaiouoio, sxwo  f(x,)< f(x) .

Bci Taki pyHK1Ii{ Ha3UBAIOTHCS MOHOMOHHUMU.
Teopema 1 (HeoOxigna ymoBa 3poctanHs (ynkuii). Skmo audepenuiiioBaHa Ha
1HTEepBaJl (a;b) byHKIIis 3pocTae, To f '(x) > (0 Ha iHTepBal (a;b).

Teopema 2 (HeoOxinna ymoBa cnaganHsi ¢gyHkumii). Skmo audepeHiiiioBaHa Ha
inrepsaii (a;b) dyunkuis cnanae, To f'(x)<0 Ha inrepsaii (a;b).

3ayBaxkenHsi. ['eomerpuuHo Teopema 1 v

y=f(z)

Oo3Ha4yae, MmO JOTUYHI g0  rpadika
3pocTtatodoi  audepeHIiioBanoi  QyHKITI
YTBOPIOIOTh TOCTPI KyTH 3 JOJATHHUM

HanpssMoM oci Ox abo B JAESIKUX TOYKaX
napaienbHi oci Ox .

InTepBas I MOHOTOHHOCTI.

[HTEepBaIM MOHOTOHHOCTI MOXKYTb BIJIUIATUCS OJMH B1J1 OJHOTO 00 TOUKaMH, JI€ TOX1Ha
JOpIBHIOE HYIHO (X HA3WBAIOTh CTAI[IOHAPHUMHU TOYKAMHU), A00 TOUKAMHU, A€ TIOXITHA HE
icHye, a cama ¢QyHKIIis icHye. Touku, B IKUX MOXiJHA JTOPIBHIOE HYJIIO0 200 He icHye ( a
caMa (PyHKIIisI B 11 TOYIll ICHY€), HA3UBAIOTh KPUTHYHHUMH TOUYKAMMU MEPUIIOTO POY.

[HTEpBAIM MOHOTOHHOCTI MOXYTh BUIAUIATHACS OJWH BiJ OJHOTO KPUTHYHUMH
TOYKaMH TIEPIIIOTO POJTY.



O3Haku 3pPOCTAaHHYA i cHagaHHA PYHKUII.

Axwo [ '(xo) >0, @yukyia f(x) spocmae 6 mouyi x, .
HAxwo '(xo) <0, @yukyis f(x) cnaoae 6 mouyi Xx, .

OsHaveHnst. 3HaueHHs [ (X,) HasuBaeTbcs Maxcumymom dyHxuii y = f(x),
SKIO TpH Oyab SKOMY JOCTaTHRO  MajioMy  A>(0  BUKOHYIOTBCS YMOBH:
f(xo=h)<f(x,) if(x,+h)<f(x,). Touka X, B 1bOMy BHIIQJKy HA3UBAETHCS
moukow maxcumy Qyskuii y = f(x) (puc.2).

O3HayeHHsi. 3HaUYeHHS | (xo) Ha3UBa€TbC MiHimymom GyHKIT y = f(x),
Ko Tpu Oyab SKOMYy  JOCTaTHbO MajoMy />0 BHUKOHYIOTHCS YMOBH:
f(xo=h)>f(x) 1 f(x—h)<f(x,). Touxka X, B LbOMY BHIIQJKy HA3UBAETHCS
moukow minimymy Gyukiii y = f(x) (puc.3).

A

y y =ftx) v 1 y =fx)
0, xo—h X0 Xoth X O xph X0 xoth X
Puc. 2 Puc. 3

O3HavyeHHs1. MakcumMyM 1 MiHIMyM QYHKIIT Ha3UBAIOTBCS eKCMpeMymMamu
¢bysakuii y = f(x). Touka MakcumyMy ab0 MiHIMyMYy (PYHKII1 Ha3UBA€THCS MOUYKONO
excmpemymy.

HeoOXxigfHa yMOBa iCHYBAHHSA eKCTpeMyMYy.

Hna moeo, wob ¢yuxyia y = f(x) Mana excmpemym 6 mouyi X,, HeoOXiOHo, Woo it
noxioHa 6 yiu mouyi oopisnrosana Hymo ( f '(xo) =0) abo He icnysana.

L1s ymoBa mo3Hauae, 1o B ToUlll eKcTpeMyMmy pyHkuii y = f(x) AOTHYHA mapanenbHa

oci Ox (puc.4). B Touiii ekctpemymy HernepepBHOi (yHKIIIT MOXigHA MOXKE HE 1ICHYBaTH,
HaIpuKIaa B Toulll rpadik GyHKIT Mae 310M (puc.S).



v Y =f(x)
v y =f(x)
] 0 X0 x
O X0 : PI/IC. 5
Puc.4

Haramaemo, mo Touku, B AKUX [ '(x0)=0 a6o f '(xo) HE ICHY€, Ha3UBalOTHCS
Kpumuynumu moukamu. He Bcska KpUTHUYHA TOYKA € TOYKOK EKCTPEMYyMY.

JocTaTHI YMOBHU iCHYBAHHNl eKCTpeMyMYy.

1. 3a 3Hakom mepmoi nmoxigHoi. Hexaii x, — kputnuHa Touka QyHKmii y = f(x) .
Skuio npu nepexoai 37IiBa HampaBo uepe3 L0 TOYKY MoxigHa f '(x) 3MIHIOE 3HAK 3

nn nn

"+" Ha "-", TO X, — TOUKAa MaKCUMyMY, gKmo 3 "—" Ha "+", TO X, — TOUKa MIHIMyMY.

Skio 3HaK MOXiAHOT HE 3MIHIOETHCS, TO (PYHKIIIS B TOYINl x, €KCTPEMYMY HE Mae.

2. 3a 3maxom apyroi moximmoi. Sxmo f'(x,)=0 i f"(x,)#0, T0 dyHKuUis
y=f(x) B Touni x, mae makcumym, skwo f"(x,)<0, i minimym, skmo " (x,)>0 .
Cxema nocirizkeHHs1 (PYHKIII HA eKCTPpeMyM.

1. 3uaiitu noxigny y' = f"(x).
2. 3HalTH KPUTUYHI TOYKH (PYHKIIII, B IKMX MTOX1AHA JOPIBHIOE HYIIO | ’(x) =0

abo He ICHYE.

3. JocnmiauTy 3HaK MOXIJAHOI 3J1iBa 1 ClpaBa BiJ KOXHOI KPUTHUYHOI TOUKH 1
3pOOUTH BUCHOBOK O HAsIBHOCTI €KCTPEMYMIB (PYHKIII].

4. 3naiitn exctpeMyMH (yHKLIT 1 3HaUE€HHS (PYHKIIT B TOUKAX EKCTPEMYMY.

Hpuxnan. Jocniguti Ha ekcTtpeMyM QyHKLIT y = x(x — 1)3.
Po3B’s30K.
1. 3Haxoaumo moxigHy QyHKIHI )’ = (x — 1)3 + 3x(x — 1)2 = (x — 1)2 (4x — 1)
2. 3 piBHSHHS (x —1)2(4x—1) =0 3HaXOOMMO KPUTHYHI TOUYKH (PYHKIIT X, :i;

x, =1. (Touok, B SIKMX MOXi/IHA HE ICHYE, ¥ 1aHOi (QYHKIIT HEMaE - f ’(x) )



3. Hanmecemo kpUTHYHI TOYKH Ha YHUCIIOBY BiCh (pHUC.6)

y' . — / + ’ +
1/4 1 o
¥ ~ P adi | rad
Puc.6

Jlnst BU3HAUEHHsI 3HAKy MOXIJHOI 3/1iBa 1 clipaBa BiJ KPUTUYHOI TOUKU X, = —

nobepemo, Hampukiaz, sHadeHHs x=0 u x=— i suaiigzemo f'(0)=-1<0 i

1
2
(1 1 ) (1

f 5 =Z>O;OT)K€,f( )<0 IIpH BCIX x<— Hf( )>0 Ha IHTepBai Z; )

AHaJIOT1YHO BCTAHOBJIIOEMO, IO [ '(x) > (0 1 Ha IHTEepBaJl (1;+oo).

3riIHO JIOCTaTHBhOI YMOBI X :Z - TOYKa MiHIMyMY JaHoi ¢yHkiii. B Tourri

x =1 excTpemyMy HeMmae.

1y 11 Y 27
4. 3HaAX0IUMO =—| —1| =——.
A fmm(4j 4(4 ) 256

Jlns  3Haxo/KEHHS HaWOIbIIoro (HalMeHmioro) 3HadyeHHs (yHKIii y = f(x) Ha
BIIPI3Ky [a;b] HeoOXinmHO 3HANTH 3HaueHHS QYHKIIT HA TpaHMUISIX BIAPI3KY 1 B
KPUTUYHUX TOYKAaX, 110 HaJleXaTh I[bOMY BIJpI3Ky 1 00paTé 3 HHUX HaWOlIbIIe
(HaliMeHIlIe) 3HAYEHHS.

Mpuxaaja. 3aifiTn Hail6ineme i Haiimenmie 3HadeHHs ¢yHkuii y=3x*+4x’+1 Ha

BIJIPI3KY [—2; 1] :
Po3B’s130K.

1. 3Haitgemo noxigny GyHKi: ' =12x° +12x° =12x° (x + 1);
2. 3HaXOMMO KPUTUYHI TOYKU: [ ’(x) =0 mpu x,=0 1 x,=-1. OOuzsi
KPUTHYHI TOUYKH HaJIEKaTh BIAPI3KY [—2;1].

3. 3naiineMo 3HaueHHA (QYHKIIIT HAa TPAHUISIX BIAPi3Ka 1 B KPUTUYHUX TOUKAX:

£(0)=0+0+1=1,



f(-2)=48-32+1=17,
f(1)=3+4+1=8.

4. Ha Binpisky [—2;1] HaiiGinbie 3Hauenns f,,; =17 B Toumi x=-2.

=0 BToUllI x=-1.e

Haum

5. Ha Bigpizky [—2;1] HalMEHIIIe 3HaYCHHS

OnykJicTh i BTHYTICTh KpuBUX. To4YkM mepermny

Oznauenns. KpuBa y = f(x) Ha3uBaeTbcs

ONYKI0l0 Ha IHTEPBAI, AKIIO BCl il TOUYKH,
KpIM TOYKHA JOTHKY, JI€KaTh HIKYEe Il
JOBIJILHOI JOTUYHOT Ha I[bOMY 1HTEPBAJII.

Oznauennsa. KpuBa y= f(x) Ha3uBaeThcs
62HYymMON Ha IHTEPBAJIl, SKIIO BC1 il TOYKHU, KPIM
TOYKU JOTHKY, JEXaTh BHINE 11 JOBLIBHOI
JOTUYHOI Ha IIbOMY 1HTE€pBaJi.

Touxolw nepecuny Ha3UBAETbCA TaKa TOYKa
KpUBOi, fKa BiAUIsE 1i OMyKIy YacTUHY BiJ
BIrHYTOI.

[HTEpBaM OMYKIIOCTI Ta BTHYTOCTI 3HAXOAAThH 32 JJOTIOMOTOI0 HACTYITHOT TEOPEMH.
Teopema. Skmo dyukmis y = f(x) € nBidul audepeHIiioBaHO Ha 1HTEpBal

(a,b), To::
1) sxmo f"(x)<0, xe(a,b), To kpua y = f(x) onykna Ha (a,b);
2) skwo f"(x)>0, xe(a,b), To kpuBa y = f(x) Bruyra Ha (a,b)



3 TeopeMu BUIUIMBAE, 1110 B TOYIIl IEPETUHY Apyra MoXifHa 4o
JOPIBHIOE HYIIO, SAKIIO BOHa icHye. OmHaK TOYKaMu
NeperuHy KpuBoi y = f(x) MOXYTb OyTH TaKOX 1 TOYKU, B et

AKUX Jpyra noxigHa He icHye. Hampuxman, Touka x =0
3/ 2

KpHUBOIi f(x): X

Osnauenns. Touky, B sikux Apyra noxigsa f”(x) nopiBHioe Hymo aGo He icHye
(a cama (yHKILIS ICHY€E), HA3UBAETHCS KPUMUUHUMU MOUKAMU OpY2020 pody PYHKIIII

y=f(x).
BcTaHoBMMO yMOBU ICHYBaHHSI TOUKH TIEPETUHY.

Teopema. Skio npu nepexoi yepe3 KpUTUUHY TOUKY X, APYroro poay (QyHKIii
f(x) noxizma f"(x) 3minroe 3Hak, To TouKa (x,, /(x,)) € TOUKOK0 MEperuHy KpUBOY

f(x)

AcumnroTu rpadika gyHkuii

O3naueHHsA.  Acumnmomor Kpueoi
y = f(x) Ha3uBaeThCs npsaAMa [, BiACTaHb Y

y=f(z)

d 510 AKOi1 Bl TOYKH KPUBOI MPSIMYE JI0
HYJISI IPU HEOOMEXKEHOMY BiJIJIaJICHH] M€l

TOYKH IO KPUBIH. ~

Acumnroru MOXYTh OyTu

6EPMUKAIbHUMU, noOXunUMU ma

20pU30HMATILHUMU.
7
> -
o, z

1. llpsma x=a € eepmuxanvroro acumnmomoro Tpadika ¢pyHkii y = f(x),

gkmo lim f(x) =400 abo lim f(x)=-c, TOOTO B TOUIll X=a QyHKIiA f (x) Mae
po3pus Il pony.

2. [lpsma y=b € eopuzonmanvror acumnmomoro rpadika ¢yskmii y = f(x),
a0 lim f(x)zb a6o lim f(x):b.

X—>+0 X—>—0

3.llpsima y =kx +b € noxunorwo acumnmomoro rpadika QyHkIii y = f(x), aKmio
ICHYIOTh TPaHHIII:

k=limZ&) p- lim [ f(x) — kx]

X—>0 x X—>0



3ayBa)K€HHSI 111010 TOXUJIOT ACUMIITOTH.

1. Axmo xo4a 6 o7Ha 3 BUIIlE HA3BAHUX TPAHUIL 3 MYHKTY 3 HE ICHY€E a00 TOPIBHIOE
HECKIHYEHHOCTI, TO KpUBa MOXMJIOT aCUMITOTH HE Mae.

2. Sxmo k=0, To k=Ilimf (x), TOMYy y=b - pIBHSHHA TOPU3OHTAIBLHOI

X—>00
acuMnTOTH. OCKUIBKHM 1€ PIBHSHHS € OKPEMUM BHIIAJKOM PIBHSHHS MOXHION
aCUMITOTH, TO YaCTO PO3PI3HAIOTH HE TPH, @ IBA BUJIM ACUMITOT: BEPTUKAJIbHI Ta
HEBEPTHUKAJbHI.

3. AcuMmnToTH KpuBOi y = f(X) IpH X —> +00 1 MPU X —> —00 MOXKYTh OyTH Pi3Hi.

Tomy npu 3HaXOMKEHHI MOXWINX ACUMITOT MOTPIOHO OOUUCIIOBATH MIPH X —> +00
, @ TAKOX MPH X —> —00 .

Cxema nocaigkenns: gyHkuii Ta modynosa ii rpagdika

[Ilo6 mocnimutu dyHKI0 Ta moOyayBaTu ii rpadik, TOIIILHO BUKOHATH Jii B

[IEBHIN MOCI1OBHOCTI.

l.

2
3.
4

3HaiTH 00J1acTh BUSHAYEHHS (PYHKIII].

3HalTH (K0 MOKHA) TOYKU MepeTHHY rpadika PyHKIIT 3 0CIMU KOOPAUHAT.
Hocniantu GyHKIII0 HA TEPIOANYHICTh, TAPHICTh 1 HETTAPHICTb.

JocaianTu PyHKIiI0 HA MOHOTOHHICTB i eKcTpeMyMHU ( a)3HAWTH TIEPITY TOX1THY
¢byHKIil; 0)3HAWTH KPUTHUYHI TOYKH, B SIKAX MOXiJHA a0 MOpIBHIOE HYJIIO abo He
ICHy€; B) 3a JIOTIOMOTrOI0 3HAKIB TMOXIJHOI BHU3HAYUTH IHTEPBAJIM 3POCTAaHHS 1
criajilaHHs QyHKIII1; BKa3aTH MaKCUMyMY 1 MIHIMyMHU (SIKITIO BOHH €).

3HaliTH IHTEepBaJIM ONMYKJIOCTI, BTHYTOCTi Ta TOYKHU Neperuny ( a)3HalTH Apyry
NnoXiHy QyHKIII1; 0) 3HAWTH KPUTUYHI TOYKU APYroro poay, B AKUX Apyra MoxijgHa
ab0 MOpIBHIOE HYNMIO a00 HE ICHY€E; B) 3a JOMOMOIOK 3HAKIB JIPYroi MOXiTHOT
BU3HAYUTH IHTEPBAIM OMYKJIOCTI 1 BTHYTOCT1 (D)YHKIIIT; T') BKa3aTU TOYKU MEPETUHY
(SIKIIIO BOHHU €).

[lepeBiputn (HyHKIIIIO HA HASIBHICTH ACUMIITOT.

OO06uucaUTH KOOPIUHATH OIATKOBUX TOYOK.

[ToOynyBatu rpadik GpyHKIii.



Hpuxnan . Jocaiautu GyHKIIIO Y = . al > 1 mo0yaysatu ii rpadik.

Po3B’s30K.
1. dyHKIIisg He BU3HaueHa npu x =1 u x =—1. O6nacth BUSHAYCHHS

CKIIaJa€Thes 3 TphoX iHTepBamiB: D( f):x e (—o0;—1) U (-L1) U (L+x).
2. Sxmo x =0, t0 y=0.'padix nepetrnae Bice Oy B TOUII O(O;O).
Axmo y=0, 10 x=0. I'padpix neperunae Bicb Ox B Touti O(0;0).

3. Oynkuig y = l—xx2 e HenapHow: f(—x)= 1—(_fx)2 :_l—xx2 =—1(x).
. ( X j (1-x7)=x(-2x) 1442
4. 3HaXOAUMO MOXIAHY )’ = > | = > = .
R R T T

Kpurnyaumu Toukamu € Touku x, =1 1 x, =—1 (B IMX TOYKax MOX1JHA HE ICHYE).
1+ x°

(1-2)"

1HTepBaJIax 00J1acTi BUBHAYEHHS € 3pOCTAIOYOI0 1 EKCTPEMYMIB HE Mae.

5. Hocniaumo GyHKIII0 Ha ONMYKIIICTh. 3HAXOUMO APYTY MOXIJIHY:

Ockinbku ' = to ' >0 Ha ycix inTepBagax. MyHKIIsA Ha YCixX

) _2x(1-x) (14 07)2(1-x) (2%) _ 2x(x+3)
(l—xz)2 (1—x2)4 (l—xz)3

Jlpyra noxijiHa 1OpiBHIO€ HyO B Toulll X, =0 1 He iICHy€ B TOuKax, X, =—1,

rn

y:

X; =1 (KpUTHYHI TOYKM JPYroro mnopsanky). BusHaummo 3Haku apyroi
MMOX1IHOI:

I'pacix dyHKuii omykinit Ha inTepsanax (—1;,0) i (1;00).
I'pacik pyHKiii BrayTHii Ha inTepBanax (—oo;—1) i (0;1).
Touka O(0;0) — Touka neperuny rpadika QyHkirii.
6. Ilpsmi x=1wu x=-1 €1l BepTUKAILHUMU ACUMIITOTAMHU.
[TepeBipuMO HASIBHICTH MOXHMJIOT ACUMITTOTH:

X
2
k= lim 1=X~ — lim 12=O,
x—00 X x>0 | — x
bzlim( xz—O-szlim T _-o0.
x| | —x x>0 ] — x

OT1xe, QyHKIIS MAa€ TOPU3OHTANBHY acUMITOTY y = 0.



I'padik Qynkmii y




